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Correlation Inequalities for Vector Spin Models
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Correlation inequalities for n-vector spin models (n > 2) are reviewed. A
relatively simple and unified derivation of the inequalities is achieved, using
duplicate variable methods, for spin dimensionalities » = 2 (plane rotator
model), n = 3 (classical Heisenberg model), and #» = 4. Although cor-
relation inequalities are lacking for » > 4, new proofs are presented for
the comparison inequalities relating correlations for systems with arbi-
trary spin dimensionality to corresponding correlations for systems with
low spin dimensionality (n = 1 or 2).
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1. INTRODUCTION

Griffiths ™ first introduced correlation inequalities for spin-} Ising ferro-
magnets in 1967. Today these remarkable inequalities represent an enormously
useful and powerful tool in the study of a variety of magnetic lattice spin
models. Thus considerable interest centers, first, on finding further inequali-
ties, and second, on extending the inequalities to the largest possible class
of models. The search for new inequalities has proved particularly fruitful
for the scalar (n = 1) Ising systems, and recently Sylvester has written an
excellent review™® on correlation inequalities for general continuous-spin
Ising models. Although many inequalities are now known for other systems,
no comparable review exists describing the recent advances in this area.
Our aim here is to partly fill this gap by reviewing the current status of
correlation inequalities for vector spin systems.

Over the past few years the duplicate variable method has emerged as
the most important technique for proving correlation inequalities. In this
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paper we discard many of the original proofs and develop proofs based on
duplicate variables. We believe an overall unification and simplification is
achieved in this area of statistical mechanics by using the duplicate variable
method and we feel that this paper, along with Sylvester’s, confirms this
belief.

In the remainder of this introduction we indicate the layout of the
paper. For interest we intersperse some remarks of a historical nature. Since
we do not review the many possible applications of the various correlation
inequalities, the reader interested in these matters is referred to the original
articles.

In Section 2 we introduce our notation and prove two peripheral lem-
mas. We also prove a simple inequality, expressing the nonnegativity of
correlations, which holds for arbitrary ferromagnetic n-vector spin systems.
For n =1 this inequality is just the first Griffiths-Kelly-Sherman in-
equality*® for the Ising model.

Inequalities for systems with two-dimensional (plane rotator) spins are
treated in Section 3. The main results are obtained as corollaries to Theorems
3.2 and 3.7. The component-wise correlation inequalities (Corollary 3.4)
were obtained for pair interactions by Monroe® and extended to many-
body interactions by Kunz ez a/.®> and Dunlop.®® The Gaussian inequalities
(Corollary 3.5) analogous to Newman’s inequalities™ for the Ising model
have been proved by Bricmont.® The vector-coupling inequalities (Theorem
3.7, Corollaries 3.8 and 3.9) are essentially due to Ginibre.®® The inequalities
of Corollaries 3.3 and 3.8 were obtained by Messager et al.® and used to
obtain results on the uniqueness of the equilibrium state for the plane
rotator model (see also Bricmont et al.*V). The special form and applica-
tion of these inequalities were inspired by the work of Lebowitz*® on Ising
models. The final results (Theorem 3.10 and Corollary 3.11) of Section 3
are new and give some information on the decay of the plane rotator cor-
relation functions. The form of these inequalities was suggested by the
Ising model inequalities of Schrader,*® Messager and Miracle-Sole,*® and
Hegerfeldt.®'®

Section 4 contains inequalities for systems with higher dimensional
spins. The main results for # = 3 and n = 4 (Corollaries 4.2, 4.3, 4.5, and
4.6) are due to Kunz et al.® and Dunlop.® Theorems 4.8 and 4.9 offer a
restatement and new proof of the comparison inequalities of Thompson,*®
Bricmont,*™ and Kunz et al.®

In Section 5 we conclude with a discussion of some open problems.

Finally, for completeness we mention that a number of correlation
inequalities are known to hold®-*® for discrete rotators. Although we have
not written out any inequalities for such models explicitly, analogs of many
of our results are in fact easily obtained for discrete rotators as consequences
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of our main theorems. The methods presented here can also be used to
obtain inequalities for lattice models in quantum field theory. Although
not included in this review, many of these inequalities can be found in the
references cited.

2. NOTATION AND PRELIMINARY RESULTS

Let A be a finite set of sites. To each site i € A associate an n-dimen-
sional vector (classical spin) S, = (S, S2 ..., 5" e R" of some fixed
length, let us say unit length. These spins are then naturally parametrized
by the points of the unit sphere S™ in R", and the configuration space for the
system is {S} = @4 S™ A duplicate system is formed by associating an
additional unit vector (spin) S; e R" to each site i e A. The configuration
space for the doubled system is then {S, 8} = ®,ca (S* ® SP).

To discuss the various Hamiltonians it is convenient to introduce the
set

M= ={M: A7} 2.0)
of all multiplicity functions on A, and the subset
MT={AdeH: A(F) > Oforallie A} (2.2)

of all nonnegative multiplicity functions on A. For clarity, we use M, N,
etc., in the sequel to denote arbitrary elements of .#, and 4, B, C, D, etc.
to denote elements of .# *. Given 4 € .#* and a variable x taking the values
x; forie A, we set
X, = H Xx{® 2.3)
€A
In this notation the most general Hamiltonian for a vector spin model is
H(S) = - Z Jup..¢S4"Sp” Se" (2~4)
A,B,...Ge.f#t
This represents the energy of the system in the configuration S. If the inter-
action parameters J,...¢ are such that the energy assignments favor parallel
alignment of the spins, then the Hamiltonian (2.4) is called ferromagnetic.
The usual pair-interaction Hamiltonian is
H(S) = — > J,;8:S; — > hS? (2.5)
i,jEA icA
where, according to convention, we use 4; for the single-site (magnetic field)
parameters. This Hamiltonian is ferromagnetic if all the parameters J;; and
h; are nonnegative. The special cases n = 1, 2, and 3 of Egs. (2.4) and (2.5)
refer to the Ising, plane rotator, and classical Heisenberg models, respectively.
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The expectation value, i.e., the usual thermal average, of a function
f(S) on {S} is defined by

n = “H S “H4S 2.6
& (S}fe / f{S} ¢ ’ 26)

where dS = [ [,ea dS; indicates an integration over configurations. We extend
this definition to the doubled system, described by the Hamiltonian J£(S, S),
by setting

Fou=| seras d§/[ e~ 4S dS @7
{S,S} (8,8}

for any function f(S,S) on {S, S}. Clearly, this agrees with the previous
definition for functions f(S) when the duplicate systems are independent,
that is, when the doubled Hamiltonian is of the form

#(S,8) = HES) + HS) .9)

Note that, since the inverse temperature 8 = 1/kT plays no significant role,
we have set it equal to unity.

Theorem 2.1. Suppose the Hamiltonian for a vector spin system can
be written in the form (2.4) with all the parameters J,p...¢ > 0. Then

<SA1S32 Scn>n 20 (2-9)
forall 4, B,...,Ge 4 *.

Proof. Since the partition function in (2.6) is nonnegative, we only need
to show

S185% - St exp[— H(S)]dS = 0 (2.10)
{S}
By expanding the exponential and integrating term by term, our task reduces
to proving the inequality

f (SHP(S2)? -+ (SMFdS; > 0 (2.11)

for all nonnegative integers p, g,..., f. But now the integral (2.11) vanishes
by symmetry (St — —S;* etc.) unless p, g,..., t are all even, in which case
the integral is trivially nonnegative.

The correlation inequality (2.9) is an inequality of the first kind. To
obtain inequalities of the second kind we use duplicate variables. To obtain
these inequalities for higher dimensional spins we decompose the spins into
coupled two-dimensional spins. Because two-dimensional spins enter in this
special role we denote them by o, @, 7, 7, etc. The subscript 2 in (2.6) and
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(2.7) labeling expectations of functions of such variables is then redundant
and will henceforth be dropped.

To deal with two-dimensional spins it is convenient to introduce a num-
ber of auxiliary variables. Given i € A we define variables

o = o + 3, [ Gil - &'
A . (2.12)

_ =2 2 _ 2
Yi = 6 + 0% 8 =05 — o

It is also useful to introduce angular variables. Using the parametrization

O'il = COS ‘]Si, O'iz = Sin ¢i (2.13)
with 0 < é; < 2 forie A, we find
6;-6; = cos(¢; — ¢;) ‘ (2.14)

This motivates consideration of functions generated by the variables
cos(M -¢) with M € # and
M-¢ = > M@ (2.15)
€A
A polynomial in the variables x;, i € A, is a sum > 4.+ a,x, of mono-
mials (2.3) with only a finite number of the coefficients a, # 0. The set P
of all such polynomials with nonnegative coefficients {(a, > 0) is a multi-
plicative positive cone, i.e., a convex cone closed under multiplication. In
particular, af, f + g, fg € P whenever f, g€ P and a > 0. We say that the
cone P is generated by the variables x;, i € A. Given cones P and 0, we
define P+ Q ={f+ g:feP,ge O} and PO = {3I..fg.: f;eP g€ Q;
n=1,2,3,..}. For ease of reference we list various cones and their genera-
tors in Table I. These cones will be used in the sequel without further specifi-
cation. Special Roman letters denote cones generated by variables defined
on doubled systems.

Tabie 1
Cone Generators
P, gl ie A
P, o?;ie A
P, a, Bsie A
Pq yi, &3 ie A
P = PP o, By, B ie A
Q cos(M-¢); Me #
Q cos(M-¢) + cos(M-¢); Me A
Q, cos(M-¢Y) + cos(M-¢Y); Me A

0, cos(M-¢?) + cos(M-¢2); M e M
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We conclude this section with two peripheral results that we will need
in later sections.

Lemma 2.2. Let x and y be variables defined on A. Thenif A e 47,

-4l +1 A!
XgE y,=2" > (o= Ws(x + p)e B Cl (2.16)
B+C=4 s
|Bleven(odd)
where
4] = > 4@, Al =]T 46 (2.17)
ieA €A

and the sum of Band Cin .#* is given by
(B + C)(i) = B@) + C(@) (2.18)

In particular,

xx; + vy = 0k + p)(x + y) + (6 — y)(x; — ¥)] (2.19)
Hy + x)(y; + x) + (s = )y — x)]
xix; = ¥y = 30 + y)x — y) + (= 2)(x5 + )] (2:20)

Proof. Write x; = 3[(x; + y:) + O — ¥l yi = 30 + y) — (v — ¥)]
for each i € A and expand the left-hand side of (2.16).

il

Lemma 2.3. Let
H(e) = — > (Lot + %, (2.21)
Ae g+
Then, using the parametrization (2.13), —He Qif |J,?| < J, forallde A+
and /2 = 0 for | 4] odd.
Proof. Write
Jito,t + Jjo,” = (JA1 - lJAZI)UAl + lJAzl(UAl + 0,7 (2-22)

The first term is trivially an element of Q. The second term vanishes unless
| 4] is even. In this case it can be brought into the required form using Lemma
2.2 and the identity

cOS ¢; cOS ¢; + sin ¢, sin ¢; = cos(d; T ¢;) (2.23)

3. INEQUALITIES FOR TWO-DIMENSIONAL SPINS

In this section we derive various correlation inequalities for systems
with two-dimensional spins. We begin by duplicating the spin variables; this
reduces the problem to proving an inequality of lower order for the doubled
system. The fundamental results are most easily stated in terms of the
auxiliary variables introduced in the previous section.
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Lemma 3.1. Let du(o, o) be any measure on {o, ¢} and consider the
3|A] symmetries (i) o,<>a;, (ii) o' = —o, &' — =&, (i) 02—~ —o?
52— —&2; i € A. Then the inequality

3

f eaBayedp du(s, 3) > 0 3.0
{c.a}

holds for all A, B, C, D € #* in the following three cases:

1. du(s, o) is invariant under the symmetries (i)-(iii).

2. du(o, o) is invariant under the symmetries (i) and (ii) and dp(e, 6) = 0
unless 6,2, 5,2 > O forallie A.

3. du(s, @) is invariant under the symmetries (i) and du(s,5) =0
unless o,%, 5%, 0,2, ;2 = O for all i e A.

Proof. We prove the result for case 1. In this case, by the assumed
symmetries (i)-(iii), the integral (3.1) vanishes unless the four multiplicities
A(@D), B(), C(i), and D(i) all have the same parity at each site i € A. If the
parity is even at a particular site, that site clearly contributes a nonnegative
factor to the integrand. On the other hand, if the parity is odd at the site in
question, it is reduced to even parity by factoring off the single nonnegative
term

aBiyid; = [(0:)? — (&P (3.2)
So again the site contributes a nonnegative factor to the integrand. This
establishes (3.1) for case 1. It is established in the other cases, which we will
need in the next section, by similar arguments.

Theorem 3.2. Suppose the Hamiltonian for a duplicated system can
be written in the form

H(e,6) = — z J apen®aBrycdp (3.3)
A,B,C,De. gt
with all the coefficients J,50p = 0, 1.6., —3# € [P. Then if G(o, o) is a non-
negative function invariant under the 3|A| symmetries of Lemma 3.1, the
inequality

fG> =0 (3.4)
holds for all fe [P,

Proof. It clearly suffices to consider the case when fis a monomial. We
want to show

f w,Byy6dp expl— (s, 8)] du(s, 8) > 0 (3.5)
o,G)
where (

d/'L(G’ E) = G(c’ E) H dci dai (36)

i€A
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But now, from (3.3), the exponential can be expanded as a series of mono-
mials in the e, B, y, and 8 variables with nonnegative coefficients. Thus the
result follows by term-by-term integration, using Lemma 3.1, because the
measure (3.6) is invariant under the required symmetries.

Corollary 3.3. Let

H(e) = — 3 (Ui + Js%04%) 3.7
Ae gt

H(@) = — Z (Js'et + %6, (3.8)
Ae gt

be Hamiltonians for two independent systems defined on A. If J,* > |J,!|
and J,2 > |J,?| for all A € #*, then

<‘7.41> - <&_A1> [<0A1°'Bl><531> - <EAIEBI><031>I (3-9)
<6:A2> - <°'A2> [<UA2032><EB2> - <5A2532><032>| (3~10)

for any A, Be .#*. The expectations can be taken in the appropriate indi-
vidual system, that is (3.7) or (3.8), or equivalently in the doubled system

#(0,5) = H(c) + H(®) (3.11)

Proof. The proofs of the inequalities (3.9) and (3.10) are similar. To
obtain (3.9), write

o4ty — (&4 + [Koulop" (&' — {5455 ){o5"]
= o4t — 7)1 £ 05’5y (3.12)

Now use Lemma 2.2 to show o,* — &,' € P,. Taking G(o, 6) = 1 + o575,
we find that the required result then follows from Theorem 3.2. The hypoth-
eses of this theorem are satisfied because

~#(s,5) = % Z (73 + jAl)(O'Al + ) + (J& - jAl)(UAl - &4
Ae #gt

\AR\Y

+ (T2 + TG 4 o) + (T2 — TGS — 047)]

(3.13)
is an element of P by Lemma 2.2.
Corollary 3.4. Let
H(e) = — > (Uiost + Jjl0,) (3.14)
Ae
with J,' > Oand J,2 > O forall A € #* so that —He P, + P,. Then
a<‘7Al>/a]B1 = <UA1031> - <UA1><UBI> 20 (3.15)

Ko ololg? = (optop?) — {041 )<o5"> < 0 (3.16)
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Proof. From Corollary 3.3 for a duplicated system,

Koa®> — <TMIT* — T5Y) > 0 G.17)
(o4 = <TMIUs* — J?) < 0 (-18)

provided J,* > J, > 0 and J,2 > J,2 > 0 for all 4 e.#*. Now take the
limits J,* —J,' — and J,2 —J,% + for each 4 e .#4*. Alternatively, from
Theorem 3.2 and Lemma 2.2

<(“A1 - C7_41)(031 - 531» =0, <(0Al - EAl)(EB2 - 082)> 20
(3.19)

Setting J, = J, for all Ae.#*, we find that these are precisely the desired
inequalities (3.15) and (3.16).

The results of Corollary 3.4 can be used to establish Gaussian in-
equalities for plane rotators. Since the proof, involving induction, is special-
ized, we merely state the results. The detailed proof can be found in the
paper by Bricmont.® Given 4 € #*, we define p = {B;:s = 1, 2,..., n} to
be a partition of A if

A= zl B, (3.20)

and each B, e .#*. A partition p is called a pair partition if either |B;| = 2
for all s (when |4] is even) or |B,| = 1 for a single ¢ and |B,| = 2 for all
s # t (when [4] is odd).

Corollary 3.5. Given the Hamiltonian of Corollary 3.4, with the
additional symmetry J,* = J,2 for all A € #*, then

Coaty < D[ <ok (3.21)
p s=1
where the sum extends over all pair partitions of 4.

So far we have derived componentwise inequalities, that is, we have
taken the components of the spins to be the basic variables. We now derive
different inequalities in terms of the variables cos(M-¢) introduced in
Section 2. The connection between these alternative parametrizations is

given by (2.13). The fundamental result in terms of duplicate variables is the
following.

Lemma 3.6. The inequality

f " dp dF T lcos(M,-4) + cos(M,-B)] = 0 (3.22)
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(where fﬁ” dé stands for fﬁ” f [ Liea d¢,) holds for any My, M,,..., M, & #
and for any sequence of plus or minus signs.

Proof. For any M € A,

cos(M- ) + cos(M-$) = 2 cos(M- D) cos(M - D)
cos(M-¢) — cos(M-¢) = 2 sin(M- ®) sin(M - D) (3.23)

where B B
O, = 3(é: + 4), D, = b — $) (3.249)

Substituting (3.23) into (3.22), we obtain an expression of the form F(®)F(®)
for the integrand. Using periodicity and changing the integration variables,®
we can then write the integral as

j dp dF F(D)F(D) = [ f nn 4o F( @)]2 >0 (3.25)

Theorem 3.7. Let 5#(o, o) be a Hamiltonian for a duplicated system
defined on A. Then if —3# € Q,

=0 (3.26)
for all fe Q. '

Proof. The result follows by applying Lemma 3.6 to the terms of the
series obtained by expanding the Boltzmann factor exp[— (o, )] and f.

Corollary 3.8. Let

H(e) = — > Jycos(M-¢) (3.27)
Me

H@) = — > Jucos(M-¢) (3.28)
Me

be Hamiltonians for two independent systems defined on A. If Jy; > |Jy]
for all M € .#, then

{cos(M-$) cos(N-¢)> — {cos(M-$) cos(N-¢)>
> |[<cos(M-$)y{cos(N-$)> — <{cos(M-$)»{cos(N-4)>| (3.29)

for any M, N € /4. The expectations can be taken in the appropriate indi-
vidual system, that is (3.27) or (3.28), or in the doubled system

H#(e,5) = H(o) + H(S) (3.30)
Proof. We write

f = [cos(M-$) cos(N-¢$) — cos(M-) cos(N-¢)]
+ [cos(M-¢) cos(N-¢) — cos(M-$) cos(N-$)]

= [cos(M-$) T cos(M-¢)J[cos(N-$) + cos(N-$)] (3.31)
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The result now follows from Theorem 3.7 because

~#(0,8) =% > {(u + Ju)lcos(M-¢) + cos(M-$)]
Me#

+ (Ju — Ju)lcos(M-¢) ~ cos(M-$)]} (3.32)
so — 3 and fabove are both elements of Q.

Corollary 3.9. Let
H(o) = — > Jy cos(M-¢) (3.33)

Me

be a Hamiltonian with all the parameters Jy, = 0, i.e., —H e Q. Then

5% {cos(M-$)> = {cos(M-¢) cos(N-¢)>

— (cos(M - $)>{cos(N-$)> = 0 (3.34)
forall M, Ne 4.
Proof. The result follows in the same manner as Corollary 3.4.

The set of inequalities we derive next uses the idea of duplicate variables
in an extended sense. Instead of considering independent duplicate systems,
we allow an exchange between the systems. The particular situation we have
in mind is the case where the duplicate systems are two halves of a single
initial system, symmetric under reflection.

Let Q be a set of sites in d-dimensional Euclidean space, invariant
under some reflection @ with respect to a fixed (d — 1)-dimensional hyper-
plane. Given i € Q, let ®/ denote the site in Q obtained from i by this reflec-
tion. The set Q can then be decomposed as

Q=AUBA (3.35)
where
OA ={0i: e A} (3.36)

We assume that this decomposition is disjoint and that no sites are left
invariant by the reflection. Also we set

Cei = Tj, Jio; = jijs he; = E«;Q i,je A (3.37)
Theorem 3.10. Let
H(o) = — > (ot} +J20%?) — 3 (hlo} + h2e?)  (3.38)

i,7€Q i€



626 James L. Monroe and Paul A. Pearce

be the Hamiltonian for a system on the reflection-invariant set Q. If, in the
above notation, the interactions satisfy

(l) JU Jeteja Ju’ - Je:e: (339)
(11) 11 = | | JIZJ = | Jl (340)
(iii) ht > ]hll h? > 1h?| (3.41)
then
f>=20 (3.42)
for any fe P.

Proof. By Theorem 3.2 we need only show that —5# € P. But now the
contribution from the first components, viz.

Z [Vioiltot + 516" + Jioi'5" + Giloy') + z (h*o* + hi'aM]

i,jeA _ B i€A (343)
=% Z (V5 + TRuey + (i3 — JiBiBI]
i,j€A
+ 3> [t + kDo + (Bt — D] (3.44)
ieA

is an element of P,. Similarly, the contribution from the second components
is an element of P,. Hence — 5 e P.

Corollary 3.11. Let #(o) be as in Theorem 3.10. Then the inequali-
ties

(ogtop'y — <0455 2 0 (3.45)
(oglap®y — (o,'d5%) < 0 (3.46)
hold for all 4, Be #*.
Proof. The required inequalities are, respectively,
Lo — 54 Nos' — o5 ) (3.47)
o4 — 74)T5° — o5?)) = 0 (3.48)

These follow from Lemma 2.2 and Theorem 3.10.

4. INEQUALITIES FOR HIGHER-DIMENSIONAL SPINS

The known inequalities for higher-dimensional spins are derived by
decomposing the spins into coupled two-dimensional spins. This approach
is unfortunately limited to spin dimensionalities n < 4. Let us first consider
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classical Heisenberg spins, that is, three-dimensional spins. In spherical
polars these have the familiar parametrization

S, = (sin 8, cos ¢;, sin 6; sin ¢;, cos 8,) “.n
S; = (sin 8; cos ¢; ; sin 8, sin &;, cos ) 4.2
where 0 < 6;, 8, < = and 0 < ¢;, ¢; < 2w for i e A. Thus each spin S, is

represented by two plane rotators associated with the angles §; and ¢,. In
the sequel we will use the alternative parametrization

S; = (o;! cos ¢;, o' sin $;, %) 4.3)
S; = (&' cos &;, &;* sin &, &) 4.4

with
6, = (sin 8, cos ), G, = (sin G;, cos 6)) 4.5

and the auxiliary variables «;, 8;, y;, and 3, defined as in (2.12).

Theorem 4.1. Let #(S, S) be a Hamiltonian for a doubled Heisen-
berg system and suppose that —# € PQ when the spins are parametrized
according to (4.3) and (4.4). Then

fr» =20 (4.6)
for any fe PQ.
Praof. Since

4 2
f dSi=‘[ a6, | dgssin 6,
S3

0 0

the usual expansion techniques reduce our task to proving

T 2
fwﬁ dp dF 0,25, 4B ycdn
0 0

X ﬁ [cos(M-¢) + cos(M,-$)] = 0 4.7

This is just a combination of Lemmas 3.6 and 3.1 with
du(, ) = G(o,)[ | do, ds, @8
i€A

and

1= 1 1 =1 .
G(o, ) = {o’A Ga for 0,5 >0 forallie A

0 otherwise “*9)
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Corollary 4.2. Let H(S) be a Hamiltonian for a Heisenberg system
and suppose that — H € P;Q + P, when the spins are parametrized according
to (4.3). Then

{fi&vs — {fgs = 0 (4.10)
(feg2rs — {forsg2rs 2 0 4.11)
(fig82)s — {f1>aga0s < 0 4.12)

for any f1, g, € P, Q and any f, g2 € Ps.
Proof. Duplicate the system and set
H(S,S) = H(S) + H(S) (4.13)

Now notice that, by Lemma 2.2, o, cos(M-¢) + &, cos(M-¢) e P,Q and
7,2 + 0,2 P, so that —5# € PQ. Thus the required results follow from
Theorem 4.1 with the appropriate choice of f€ PQ. For example, (4.12) is
obtained by choosing

S5, 8) = [/i(S) — £i(8)]lg2S) — £2(8)] (4.14)
Corollary 4.3. Let
H(S) = — > (J'S4* + I8 + J,°S8,°) (4.15)
Ae

be a Heisenberg Hamiltonian with J,® > 0, |J,%] < J,' forall Ae . #* and
J42 = 0 for | 4] odd. Then

K Saslolp" = {Sa%Sp™s — {SaMs(S5D3 2 0;  a=1,3
(4.16)

K S slodpt = (S°Sp' s — {84s(Ss"Ds <0
@.17)

for any A, Be #*.

Proof. By Lemma 2.3, —HeP,Q + P,. Thus the results are special
cases of Corollary 4.2.

Inequalities similar to the above can also be derived for four-dimen-
sional spins. These spins are parametrized by

S; = (o;' cos ¢, 0,1 sin ¢;2, 0,2 cos ¢,2, 0,2 sin ¢,%) (4.18)
S = (5 cos ¢, & sin ¢;%, &2 cos $,2, 5% sin $,2) 4.19)

where
6, = (sin 0;,cos §), o, = (sin §,, cos 8) (4.20)

and 0 < 6,0, < #/2and 0 < ¢;%, 42, &1 62 < 2; forall ie A.
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Theorem 4.4. Let 5#(S,S) be a Hamiltonian for a doubled system
with four-dimensional spins and suppose that —# € PQ;Q, when the spins
are parametrized according to (4.18) and (4.19). Then

>0 (4.21)
for any fe PQ,Q,.
Proof. Notice that
/2 27 27
ds, = f o, f iy f di2 sin 8, cos 6, (4.22)
S4 0 4} o]

The proof now proceeds as for Theorem 4.1, if we take
G(o, 0) = oato,%5y'ax?  for 0t 0% 60,67 >0 forallie A
’ 0, otherwise

(4.23)
Corollary 4.5. Let H(S) be a Hamiltonian for a system with four-
dimensional spins and suppose that — H € P,Q; + P,Q, when the spins are
parametrized according to (4.18). Then
figds = {fregrda = 0 24)
{fo820s — {fo)s{g20s 2 0 (4.25)
(fi820e — {f1rag20s < 0 (4.26)
for any f1, g1 € P1Q; and any f;, g2 € P2 Q5.
Praof. The results follow from Theorem 4.4 and the arguments of
Corollary 4.2.
Corollary 4.6. Let

H(S) = — z (Ja'Sat + 3287 + L3S0 + J484Y (4.27)
Ae g+
be a Hamiltonian for a system with four-dimensional spins such that
|Ja3 < T2 T8 < JlPforall Ae # and J 2 = J,* = 0 for | 4] odd. Then
K S5 af0Tp" = {S4%S0s — {Saa(Ss%e 2 0; a=1,3
(4.28)
8<SA3>4/3JB1 = {8285, ~ (84S <0
(4.29)
forany 4, Be #*.

Proof. By Lemma 2.3, — € P, Q, + P,Q.. Thus the results are special
cases of Corollary 4.5.
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Gaussian inequalities of the form (3.21) can also be obtained, for the
spin components labeled 1 and 3, for spin dimensionalities » = 3 and n = 4.
Given J,' = J® for all 4 e€.#*, these inequalities follow by an inductive
proof using the results of Corollaries 4.3 and 4.6, respectively. Again the
reader is referred to Bricmont® for details.

Although the correlation inequalities of this section are expected to
hold for n > 4, they have not been extended to these systems. However,
there are certain comparison inequalities which relate correlations for high-
spin-dimensionality systems to corresponding correlations for low-spin-
dimensionality systems. We now give a derivation of these inequalities based
on mixed duplicate variables.

Lemma 4.7. Letp; = +1,i€ A, be a set of Ising spins. Then

S dSTT G+ SHTT Guse £ 8,89 > 0 (4.30)
{u} v {8} i

(7,k)

for all products over sites i € A and pairs (j, k) € A x A and for any sequence
of plus or minus signs.

Proof. The integrals in (4.30) are invariant under the replacement
S; — 1.S; because the absolute value of the Jacobians is unity for these
transformations. Thus the result is obtained by noting that: 1 + §;' > 0;
1+£8S,:S.,20;and >, puy =0forallde.#+.

Theorem 4.8, Let
HS) = — > JiSeS; — > hS? 4.31)

i,jeA €A
be an r-vector spin Hamiltonian with J;; > 0 and 4, > 0, and for n =1
write

H(p) = - Z Jispapes — z iy (4.32)
i,jEA i€A
Then forn > 2,
{San € {pa (4.33)
8o80n € (s (4.34)

for any A € #* and any pair (7, j) of sites.
Proof. Introduce a mixed duplicate Hamiltonian
H(p, S) = H(p) + H(S) (4.35)

Then in the doubled system, (4.33) and (4.34) are consequences of the more
general inequality

<1—I (s — SAl)H (raps; — Si’S;')>1,n z0 (4.36)
4 Gs)

which follows by expanding the Boltzmann factor and using Lemma 4.7.
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Theorem 4.9. Let

HS) = - > Z TGS — > hSt @.37)
i, JeA a=1 €A
with J% 2 [J3, J% > Ofor all « # 2 and A; > 0. Then for n > 3,
S84 < {842 (4.38)
Proof. Introduce a mixed duplicate Hamiltonian
#(s,8) = H(o) + H(S) (4.39)

where parametrically

= (cos ¢;, sin §,), S; = (sin ; cos ¢, sin 8; sin ¢;, cos 6,U)
(4.40)

with 0 € 6, < #/2; 0 < ¢, ¢; < 2m; and U, an (n — 2)-dimensional unit
vector spin. In the doubled system we want to prove that

Gt = Sa'Den 2 0 (4.41)
But now
&' + Si' = cos $; + sin 6; cos
1[(1 + sin 8;)(cos ¢; + cos ¢;) + (1 — sin 8;)(cos &; F cos ¢;)]
(4.42)

Clearly, by Lemmas 2.2 and 2.3, 7,* + S,' and —5# (o, S) can be expanded
as multinomials with positive coefficients in the variables: (1 + sin 8),
[cos(M-$) + cos(M-¢)], and cos 8; cos 8,U;-U;. Thus, noting that

m/z
ﬁ dS;| de; = db; sin 8,(cos 8,)*~ sf
S S2 0 (o}

(4.43)

we obtain the required result by expanding exp[— #(o, S)] and using Lemma
3.6 and Theorem 2.1, the integrals over the @ variables being trivially non-
negative.

5. DISCUSSION

In retrospect, certain marked trends are evident in the inequalities as
the spin dimensionality varies. Most importantly, as » increases, the known
results become weaker. Perhaps this should not be surprising. However, it
does leave a number of questions still to be answered. To give the reader a
clear picture of the situation, we conclude by discussing some of the remain-
ing open problems in the field of correlation inequalities. For definiteness,
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we focus attention on the pair-interaction Hamiltonian (2.5) in the sequel
without further comment.

Perhaps the most outstanding problem is to decide whether the following
inequality holds:

S ouf0Ty = (SiH(S;*S)n — {8Du(Si*SD» 2 0 n>=3  (5.1)

The monotonicity property (5.1) would have many important consequences.
For example, the results of Frohlich er al.%® on the existence of phase
transitions for these systems could be extended beyond nearest-neighbor
ferromagnetic interactions,

Another inequality whose validity has not been ascertained is the
following:

(Sa' S50 — (SaHu(S5n 20, 125 (5.2)

This is an obvious extension of the correlation inequalities (3.15), (4.16),
and (4.28) and would be expected to have similar applications.

On the basis of the comparison inequalities (4.33) and (4.38) it is reason-
able to make the following conjecture:

(SaDn 2 (Sadnsrs nz3 5.3)

Intuitively, one indeed expects the correlations between spins to decrease as
the phase space available to the spins becomes larger.
Our final unsolved problem is the following higher order inequality:

&St onlOh; Ohy = (S8 S dn — {SiHa{S Sk Dn — (Sl Si"Dn

— L8PS Dn + 28RS (S On < 0
ns2 (5.4)

For n = 1 this is the Griffiths—-Hurst-Sherman inequality.®® In a uniform
magnetic field A, = A, it implies the concavity of the magnetization as a
function of the field A.

The above inequalities are potentially very useful and because no counter-
examples exist we can optimistically hope that they are generally valid. On
the other hand, it would also be of interest to know if they are incorrect,
as this would perhaps indicate that the way we think about these models
needs to be revised.
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